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Abstract 

The low-temperature free energy of the spin S quantum Heisenberg ferro- 
magnetic chain in a strong magnetic field is obtained in a two-particle ap- 
proximation by using exact solution of two-spin-wave problem. The result is 
beyond the perturbation theory because it incorporates the both bound and 
scattering state contributions, and the scattering effect is essential as well 
as the bound state one. In particular the main temperature renormalization 
of an exchange constant is found to be linear in temperature instead T 3 ' 2 
corresponded to the perturbation theory result. 
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The low-dimensional spin systems show many special features in the thermodynamics. 
Some of them are the result of a large number of excitations there, for example the de- 
struction of a long-range order that well-known Mermin and Wagner theorem states^. Also 
these features are often coupled with the failure of the free-spin-wave based consideration 
for the low- dimensional systems. In this communication we would like to note that the 
exchange interaction of even two spin waves in Heisenberg chain shows an effect which is 
beyond perturbation theory. In fact this property is connected with well-known peculiarity 
of low-dimensional quantum mechanical problem such as the bound state formation and the 
strong scattering at a long-wave limit in a weak potential!!. Though as spin S — » oo it is 
a weak coupling limit the perturbation theory is not correct for the long-wave excitations 
which dominate at the low temperatures. The consideration of the 1/S corrections was 
noted early to be essential in low-dimensional spin systems!'!. 

We explore pure exchange Heisenberg ferromagnetic spin chain with arbitrary spin S and 
a strong magnetic field in a limit of low temperatures. The Hamiltonian is the following 

H = -J £ S&j-hY.Sl (1) 

<i,j> i 

In the first term we sum up the different pair of the nearest neighbor sites where quantum 
spins Sj are located. When S — 1/2 this system is solved by Bethe Ansatz method I. As S 
is larger there is not an exact solution. On the other hand it is supposed the perturbation 
theory is correct as S — > oo!. We show below this statement is wrong for a spin chain. Other 
known methods also do not allow consider specific features of low-dimensional systems!!!. 

The energy of a ferromagnetic spin system caused an applied magnetic field depends on 
a number of excitations only. That allows us to consider separately the states with one, 
two spin deviations and so on. We are interesting the correction to the free energy due to 
interaction which arises from two-spin- wave sector at first. The two-spin- wave problem is 
exactly solved for arbitrary spin si. The energy spectrum of two spin waves in the finite 
chain of size N follows from the eigenvalue equation! 
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1 y 2J cos(fc)(cos(A;) - cos(p/2)) _ 

JV Y 2Scos(p/2)(cos(» - cos(g)) ' [) 
where k = 2im/N, n — 0, 1, .., iV — 1, and p is center mass momentum of two-spin-wave 
state. The energy spectrum of the state is parametrized by q as follows 

E(p, q) = ASJ(1 - cosQo/2) cos(g)) + 2h. (3) 

Let us consider function D vs q at the fixed center mass momentum p. While the chain 
is finite D{q) is the meromorphic function with N poles and N zeros, where the poles 
correspond to free spin waves and the zeros correspond to real energy levels. As iV — > oo 
function D changes its analytical properties. In the limit of a large A" it gives the isolated zero 
beyond continuous spectrum and a cut presented scattering state. In this limit the difference 
between scattering state energy levels and the free-spin- wave energy levels is ~ 1/N. Just 
this small value gives a perturbation of the free energy by spin-wave-spin-wave scattering, 
because the number of scattering states is ~ A^ 2 and therefore the scattering contributes in 
the order N. 

The finite sum in (0) is calculated directly and we obtain 

The state out of continuum corresponds imaginary parameter q. We use q = ia. Then 
as A^" — > oo the Eq.(^j) gives the bound state condition which is the same as in the ref. I. 

1 / cosh(a) \ , . . . 

1 -2s( 1 -=i^)( 1 - coth w> = - (5) 

In the long-wave limit we obtain a = (p/2) 2 /4S + 0(p 4 ). Thus the coupling energy is 
E b (p) - E(p, 0) = -4SJ(p/2y/32S 2 . 

To find the perturbation spectrum of the continuum states we use q = 2-nin + A)/JV 
where n is integer and A characterizes the energy level shift. Then from the Eq.(^) we 
obtain the equation for A 

1 - -L fl - C °. s(g M (l + cot(g) cot(vrA(g))) = 0. (6) 



2S \ cos(p/2) 



Therefore 

A (g) = \ - - arctan | tan (g) f - 2 fos (g) - 1 ) | ( 7 ) 

l \ 1 cos(p/2) / J 

The function A(g) is essentially different in the case when S — 1/2 or 5" > 1/2. This 
function is periodic for S > 1/2 and multivalued for the half spin. In the last case A(7r) — 
A(0) = 1, that provides correct reduction of the number of states for S = 1/2. 

After elementary transformations by keeping the terms order N we obtain the spin-chain 
free energy / which forms from one- and two-spin-wave states by the temperature T 



1 = Ne -h/x f M ( k)/T _ N 2h/T i dp f d dA M/T 
T J 2tx 2 J 2vr J H dq 

— n — 7r 
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7T 

- e -WT / ^P e s b (p)/T (g) 

2 7 2tt v ; 

— 7T 

where £i(fe) = 2S'J(1 — cos(A;)) and £2(p,q) = &SJ{1 — cos(p/2) cos(g)) are one- and two- 
spin- wave energy and Eb(p) is the bound state energy without the magnetic field term. The 
factor 1/2 in the two-spin- wave terms follows from the permutation symmetry of this state. 
We note zero q state is not realized as follows from the Eq.(|6]). 

We calculate the scattering term using the Eq. (|7|) and bound state term using the bound 
state energy from the Eq.(^j). Then we obtain 
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, 1+ (2sy) + 

+ 0(T 5 / 2 )); (9) 



- %f (iii) 1/2 + i0i (^f 1 1 + (4) + 0(T5/2) ) ■ (10) 

We note that the bound and scattering contributions are the same order. The free-spin-wave 
theory gives 

Ifsw f dk r - B ,(k)/T\ f dk f h/T (k ) /T 1 
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Thus the deviation from free-spin-wave free energy is 



/ — Ifsw 



T 



( 



32x/2(25) 2 WSJ) 
4 15 



2tt 3 / T \ 3/2 




A' 



32(25) 



25 2(25) 2 



) 



e -f + QiT 7 ' 2 ) 



e t . 



21, 



(12) 



We note this temperature expansion of the free energy does not contain the T 2 term. It 
is in agreement with the results of the exactly solved Heisenberg system for spin 1/20. The 
term T 3 which corresponds to the perturbation theory is also presented. It is interesting to 
note how this term depends on spin value 5. When 5 = 1/2 it has the same sign as a main 
contribution and for all others spins it has opposite sign. 

It is interesting to consider the temperature renormalization of an exchange parameter 
which characterizes the temperature correction to the energy spectrum. As defined this 
renormalization reduces the real free energy to the free-spin-wave form. So we obtain 



Thus the spin-wave-spin-wave exchange interaction gives a linear temperature factor 
in the effective exchange parameter. A similar result follows from the consideration of a 
classical spin system. On the other hand since the leading temperature term contains extra 
factor 1/5 then in a large spin limit at the fixed temperature it will be suppressed and other 
contributions will become more essential. This fact means that low-temperature expansion 
is divergent when spin is large. It is easy to see the using of the 1/5 expansion for the exact 
scattering spectrum in the Eq. (0) gives the divergences in the expression for the free energy. 
It explains the failure of the perturbation theory for a spin chain. 
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